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Abstract

Traditionalhypergraptpartitioningalgorithmscomputea bisectiona graphsuchthatthe numberof hyperedges
thatarecutby thepartitioningis minimizedandeachpartitionhasanequalnumberof vertices.Thetaskof minimizing
the cutcanbe consideredasthe objective andthe requirementhat the partitionswill be of the samesize canbe
consideredasthe constraint In this paperwe extendthe partitioningproblemby incorporatingan arbitrarynumber
of balancingconstraintsin our formulation,a vectorof weightsis assignedo eachvertex, andthegoalis to produce
abisectionsuchthatthe partitioningsatisfiesa balancingconstraintassociatedvith eachweight, while attemptingto
minimizethecut. We presenhew multi-constrainhypergraptpartitioningalgorithmsthatarebasednthemultilevel
partitioningparadigm.We experimentallyevaluatethe effectivenesof our multi-constraintpartitionerson a variety
of syntheticallygenerategbroblems.

*Thiswork was supportechy NSFCCR-9972519by Army ResearcltOffice contractDA/DAAG55-98-1-0441by the DOE ASCI program,and
by Army High PerformanceComputingResearctCentercontractnumberDAAH04-95-C-0008. Accessto computingfacilities was provided by
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1 Introduction

The traditionalhypergraptbisectionproblemdividesthe verticesinto two partitionssuchthat the hyperedge-cuits
minimizedandeachpartitionhasroughlyanequalnumberof vertices(or in the caseof weightechypegraphsthesum
of the vertex-weightsin eachpartitionis the same).Thetaskof minimizing the cutcanbe consideredsthe objective
andtherequirementhatthe partitionsareof the samesizecanbe consideredsthe constraint This single-objectie
single-constraintiypergraplpartitioningformulationhasextensive applicationto mary areasjncludingVLSI design
[3], efficient storageof large databaseen disks[11], anddatamining [10]. Unfortunatelythis problemformulation
is not sufficientto modelthe underlyingpartitioningrequirement®f mostproblemsarisingin VLSI design,asmost
of the problemsareinherentlymulti-objectve andmulti-constraint.

In this papemwe presenageneralizedhypergrapliisectionproblemin which avectorof weightsis assignedo each
vertex. Thegoalis to produceabisectionof the hypergraplsuchthatit satisfiesa balancingconstraintassociateavith
eachoneof theweights,while attemptingto minimize the cut(i.e., the objective function). We referto it asa multi-
constraint hypergraptpartitioningproblem. This multi-constraintframework canbe usedto computepartitionings
for a numberof interestingproblems. For instance usingthis frameawvork we cancomputecircuit partitioningsthat
not only minimize the numberof netsbeingcut, but alsosimultaneoushbalancethe area,power, noise,nets,pins,
etc, of the partitions. Suchpatrtitioningshave the potentialof leadingto bettey morereliable,predictableandrobust
VLSI designmethodologiesThis formulationbuilds uponthe recentlydevelopedmulti-constraintformulationsfor
the graphpartitioningproblem([6] thathasbeenshavn to have extensve applicationsn load balancingmulti-phase
andmulti-physicsnumericalsimulationson parallelcomputers.

We presentnew multi-constrainthypergraptpartitioningalgorithmsthat are basedon the multilevel hypergraph
partitioning paradigm[8, 2, 12]. Our work focuseson developingnew typesof heuristicsfor coarseningandre-
finementthatare capableof successfullyhandlingmultiple constraintsWe experimentallyevaluatethe effectiveness
of our multi-constraintpartitioneron a variety of syntheticallygenerategbroblemsderived from the ISPD98bench-
marksuite[1]. Ourexperimentshon thatour multilevel multi-constrainhypergraplhpartitioningalgorithmsareable
to producehigh quality partitioningsthat satisfythe multiple balancingconstraintsjn a relatively small amountof
time. Comparingthe quality of thesemulti-constraintpartitioningsto thoseof the (much easier)single-constraint
partitionings we seethatour algorithmsleadto a moderatancreasdn the numberof hyperedgeshatarecut by the
partitioning.

2 Multi-Constraint Bisection Definition

Consider hypergraplc = (V, E), suchthateachvertex v € V hasaweightvectorw ? of sizem associatedvith it,
andeachhyperedges € E hasascalarweightw®. Let [l;, u;] fori = 1,2,..., m, be mintervalssuchthatl; < u;
andl; + u; = 1. Let P beavectorof size|V|, suchthatfor eachvertex v, P[v] is eitheroneor two, dependingn
which partitionv belonggo, i.e., P is thebisectionvector

We placeno restrictionson the weightsof the hyperedgedut we will assumewithout lossof generality thatthe
weightvectorsof the verticessatisfythepropertythat ) "y, ., w? = 1.0fori = 1,2, ..., m. If thevertex weightsdo
notsatisfythe above property we candivide eachw” by » "y, . w! to ensurethatthe propertyis satisfied.Notethat
this normalizatiordoesnotin arny way limit our modelingability.

We definethe multi-constrainthypergraptbisectionproblemasfollows: Computea bisectionP of V thatmini-
mizesthe hyperedgeut andatthe sametime, the following setof constraintss satisfied:

i< Y o w=uandli< Y w<uyfori=12..m 1)
YveV:P[v]=1 YveV:P[v]=2

Definitions and Notations  In this sectionwe introducesomedefinitionsandnotationghatareusedthrough-out
thepaper

1. Given ahypergrapltG = (V, E), avectorof m weightsassociateavith eachverte, a bisectionvector P, and
a setof m balance-tolerancimtervals[l, uj], we saythat P is afeasiblesolutionfor the bisectionproblemif



Equationl is satisfied.Thatis, a bisectionis feasibleif it satisfiesall thebalancingconstraints.

2. For eachvertex v, we definegain to bethereductionin the value ofthe objective function(eg., cut) achieved
by moving v from the partitionthatit belonggto to the otherpartition.

3. Given a setof objectsA suchthateachobjectx € A hasaweight-vectorw * of sizem associatedhvith it, we
definew* to bethe sumof theith weightsof the objectsin theset;i.e, w = 3y A wi.

3 Multile vel Algorithm for Multi-Constraint Partitioning

During the last few years,hypergraptpartitioningalgorithmsbasedon the multilevel paradigmhave gainedwide-
spreadacceptanceas they provide extremely high quality partitionings,they are very fast, andthey can scaleto
hypegraphscontainingseveralhundredhousand®sf verticeq8, 2, 12].

Multilevel partitioningalgorithmsconsistof threephases{(i) coarseninghase(ii) initial partitioningphaseand
(i) uncoarseningor refinementphase Duringthecoarseningphaseasequencef successiely coarsehypegraphs
is constructedrom the original hypergraphsuchthat the numberof verticesin successie coarserypegraphsis
smaller In theinitial partitioningphasea partitioningof the coarseshypergraphs computedusinga corventional
partitioningalgorithm. Finally, duringthe uncoarseninghase startingwith the coarseshypegraph the partitioning
of the hypergraphs successiely projectedto the next level finer hypegraph,andrefinedusinga local partitioning
refinementeuristic.

In the restof this section,we presenta multilevel recursve bisectionalgorithmfor solving the multi-constraint
partitioningproblem. In particular we presentalgorithmsfor the threephasef the multilevel bisectionalgorithm,
namelycoarseninginitial bisectionandbisectionrefinementduringtheuncoarseninghase.

3.1 Coarsening Phase

During the coarseningphase a sequencef successiely smallerhypegraphsis constructedoy finding groupsof
verticesandmeming themtogetherto form the verticesof the next level coarsethypegraph.A numberof schemes
have been deelopedfor selectingwhatgroupsof verticeswill be mergedtogethetto form singleverticesin the next
level coarsehypegraphg7, 8, 2, 12]. Of theseschemesthefirst-choice (FC) schemd7], hasbeenexperimentally
shawvn to producehigh quality bisections.

The easiestvay to understandhe FC schemes to think of the graphrepresentatioof the hypegraph,in which
eachhyperedge is replaceddy a clique[9] in which eachedgehasaweightof w/(|e| — 1), wherew and|e| arethe
weightandthe sizeof the original hyperedgerespectrely. In the FC schemd7], theverticesarevisitedin arandom
order andfor eachvertex v, the edgeincidenton v with the highestedge-weighis marked. Onceall the vertices
have beenvisited,theunmarlededgesareremoved,andeachoneof the connectedomponentsf theresultinggraph
becomes setof verticesto be meigedtogether

TheFC schemdendsto remove alargeamountof theexposechyperedge-weighh successie coarsenypegraphs,
andthusmakesit easyto find high qualityinitial bisectionghatrequirelittle refinementuringtheuncoarseninghase.
In the context of multi-constraintpartitioning, this featureof the FC schemes equallyapplicable andis usefulfor
constructingsuccessie coarsehypegraphs.However, onecanalsousethe coarseningprocesdo try to reducethe
inherentlydifficulty of the load balancingproblemdueto the presencef multiple weights. In general,it is easier
to computea balancedisectionif the valuesof the differentelementsof every weight vectorare not significantly
different. In the simplestcase,|if for every vertex v, w] = wy = --- = wy,, thenthe m-weightbalancingproblem
becomesdenticalto that of balancinga singleweight. So during coarseningpne shouldtry (wheneer possible)to
collapsegroupsof verticessoasto minimizethe differenceamongthe weightsof the melgedvertex.

We modifiedthe FC schemeo usesucha balancingprinciplein thefollowing way. Again, we visit theverticesin
arandomorder, but now insteadof markingthe edgeswith the heaviestweight, we first selecta setof edgesvhose
weightis no morethan10% lower thanthe weight of the heariest-weightedge,andthenamongthemwe mark the
onethatwill leadto themostbalancednergedvertex, asdefinedby theratio of the maximumweightovertheaverage
weightof theresultingweightvector We will referto this schemeasthe balancedirst choiceschemgBFC).



3.2 Initial Partitioning Phase

Thegoalof theinitial partitioningphaseof amultilevel algorithmis to computea bisectionof the coarseshypergraph
suchthatthe balancingconstraints satisfiedandthe partitioningobjective is optimized. In our multi-constrainipar
titioning algorithm, the bisectionof the coarseshypergraphs computedby performingmultiple randombisections
followed by a multi-constraint-M refinemenstep(describedn the next section)to improve the quality of the bisec-
tions. In particular we performtendifferentrandombisectionsandselectthe onewith the smallesthyperedgeut as
thefinal solution. This approachs similar to thatusedin single-constraininultilevel hypergrapipartitioning[8, 2].

3.3 Uncoar sening Phase

Duringtheuncoarseninghasea partitioningof thecoarsehypergraplis successiely projectedo thenext level finer
hypegraph,anda partitioningrefinementalgorithmis usedto optimizethe objectve functionwithout violating the
balancingconstraints.

A classof local refinemenglgorithmsthattendto producevery goodresultswhentheverticeshave asingleweight
[8], arethosethatarebasedon the FM algorithm[4]. The FM algorithmstartsby insertingall the verticesinto two
max-priority queuespnefor eachpartition,accordingto their gains. Initially all verticesareunlodcked, i.e., they are
freeto moveto the otherpartition. The algorithmiteratively selectsanunlockedvertex v from thetop of the priority
gueuefrom oneof the partitions(sourcepartition) andmoves it to the otherpartition (target partition). The source
partitionis determinecbasedon whetherthe currentbisectionis a feasiblesolutionor not. If it is feasible thenthe
partition that containsthe highestgain vertex becomeghe source. On the otherhand,if it is not feasible(i.e., the
balancingconstraints violated),the partitionthatcontainghe largestnumberof vertices becomeghe source When
avertex v is moved,it is locked andthe gainof the verticesadjacento v areupdated.After eachvertex movement,
thealgorithmrecordghevalue ofthe objective functionachieved at this pointandwhetheror notthecurrentbisection
if feasibleor not. A singlepassof the algorithmendswhenthereareno moreunlockedvertices.Then,the recorded
valuesof the objective functionarechecled,andthe pointwherethe minimumvaluewas achieved while achieving a
feasiblesolution,is selectedandall verticeshatweremoved afterthatpointaremaoved backto their original partition.
Now, this becomesheinitial partitioningfor the next passof thealgorithm.

ThissingleconstrainEM refinementlgorithmcanbedirectly extendedvhentheverticeshave multipleweightshy
modifyingthesource-partitioselectionrschemeln this modifiedalgorithm thesourcepartitionis selectedsfollows.
If the currentbisectionis feasible,thensimilarly to the single-weightFM algorithm, the partition that containsthe
highestgainvertex is selectedo bethesource Ontheotherhand,if thecurrentbisectionis infeasible thenthesource
partitionis determinedasednwhich partitionis thelargest.However, unlike thesingle-weighbisectionproblem,in
the caseof multiple weights,we may have both partitionsbeing“overweight”,for differentweights. For examplefor
atwo-weightproblem,we may have thatthefirst partition containsmorethanthe requiredtotal weightwith respect
to thefirst weight,whereashe secondpartitioncontainsmorewith respecto the secondveight. In ouralgorithmthe
sourcepartitionis theonethatcontainghe mostweightwith respecto ary singleweight. For example,in the caseof
atwo-weightproblemanda45-55balancingconstrainfor eachoneof theweights,if (.56, .40) and(.44, .60) arethe
fractionsof thetwo weightsfor partitions A and B, respectiely, thenour algorithmwill selectB to bethesourceas
.60is greateithan.56 (that A containswith respecto thefirst weight). We will referto this algorithmasFML1.

Oneof theproblemsof FM1 is thatit may male alargenumberof moves beforeit canreachto afeasiblesolution,
or in the worst casefail to reachit all together This is becausét selectsthe highestgain vertex, irrespectve of the
relative weightsof this vertex. For instancejn the previousexample we selectedo move avertex from B, so thatwe
can reducesz. However, the highestgainvertex v from B, mayhave aweightvectorsuchthatw 3 is muchsmaller
thanwj. Asaresult,in the procesf trying to correcttheimbalancewith respecto the secondwveight,we mayend
up worseningthe imbalancewith respectto the first weight. In fact,in [6] it hasbeenshownn that a schemes not
guaranteetb reachto a feasiblesolution.

For this reasonwe have developeda differentextensionof the FM algorithmcalled FM2, that is bettersuited
for refining a bisectionin the presencef multiple vertex weights. This algorithmwas originally proposedor the
multi-constraintgraphpartitioningproblem[6]. In FM2, insteadof maintainingone priority queuewe maintainm



gueuedor eachoneof thetwo partitions,wherem is thenumberof weights.A vertex belonggo only asinglepriority
gueuedependingn the relative orderof theweightsin its weightvector In particular a vertex v with weightvector
(wi, w3, ..., wp), belongsto the jth queueif w}’ = max (w;). Giventhese2m queuesthe algorithmstartsby
initially insertingall the verticesto the appropriatequeuesaccordingo their gains. Then,the algorithmproceedsy
selectingoneof these2zm queuespicking the highestgainvertex from this queue andmoving it to the otherpartition.
The queueis selectedasfollows. If the currentbisectionrepresenta feasiblesolution,thenthe queuethatcontains
the highestgain vertex amongthe 2m verticesat the top of the priority queuess selected. On the otherhand,if
the currentbisectionis infeasible thenthe queueis selecteddependingon the relative weightsof the two partitions.
Specifically if A andB arethe two partitions,thenthe algorithmselectsthe queuecorrespondingdo the largestw *
withx € {A, B}andi =1, 2, ..., m. If it happenshattheselectedjueuas empty thenthealgorithmselectsavertex
from thenon-emptyqueuecorrespondingp thenext heaviestweightof the samepartition. For example,if m = 3and

(W, wh, wy) = (43,.60,.52) and (w2, wl wP) = (57 4, .48),

thealgorithmwill selectthe secondqueueof partition A. If this queues empty it will thentry thethird queueof A,

followed by thefirst queueof A. Note thatwe give preferenceo the third queueof A asopposedo thefirst queue
of B, even thoughB hasmoreof thefirst weightthan A doesof thethird. Thisis becauseur goalis to reducethe
secondwveightof A. If thesecondjueueof A is non-emptywe will selectthe highestgainvertex from thatqueueand
moveit to B. However, if this queues empty we still will like to decreaséhe secondveightof A, andthe only way

to dothatis to move anodefrom A to B. Thisis why whenour first-choicequeueis empty we thenselectthe most
promisingnodefrom the samepartitionthatthis first-queuebelonggo.

4 Experimental Results

We experimentallyevaluatedthe quality of the partitioningsproducedoy our multilevel multi-constrainthypergraph
bisectionalgorithmon a setof two- andthree-weighproblemssyntheticallyderived from the 18 hypegraphghatare
part of the ISPD98circuit partitioningbenchmarksuite[1]. The characteristicef thesehypegraphsare shovn in
Tablel.

Benchmark | No. of vertices | No. of hyperedges
ibm01 12506 14111
ibm02 19342 19584
ibm03 22853 27401
ibm04 27220 31970
ibm05 28146 28446
ibm06 32332 34826
ibm07 45639 48117
ibm08 51023 50513
ibm09 53110 60902
ibm10 68685 75196
ibm11 70152 81454
ibm12 70439 77240
ibm13 83709 99666
ibm14 147088 152772
ibm15 161187 186608
ibm16 182980 190048
ibm17 184752 189581
ibm18 210341 201920

Table 1: The characteristics of the various hypergraphs used to evaluate the multilevel hypergraph partitioning algorithms.

Our startingpoint for deriving the syntheticmulti-weighthypegraphswas the single-weight SPD98circuitsthat
containtheactualareador eachoneof thecell. For bothourtwo- andthree-weighproblemsthefirst weightis always
equalto theactualareaof the cell. The secondveightfor eachcell was setto be equalto the numberof netsthateach
cell belonggo (i.e., theincidentdegreeof eachcell). In the caseof thethree-weighproblem thethird weightwas set
to be equalto the fan-outof eachcell. We obtainedhatby assuminghatthe startingcell for eachnetin the ISPD98



circuits,is thedriving cell for this net.

In all of our experimentswe setbalancetolerancedo be 45-55for eachof the differentvertex weights,thatis
[li,ui] = [.45,.55] fori = 1,2, 3. We performedall of our experimentson a 450MHz Pentiumlll-basedLinux
workstation.

4.1 Comparison of Refinement Schemes

In ourfirst setof experimentsywe comparehe performancef thetwo differentmulti-constraintefinementlgorithms
FM1 andFM2 describedn Section3.3. In orderto isolatethe effectsof themultilevel paradigmwe performedhese
comparisondy usingthesealgorithmsto computea bisectionof the original hypegraph,without performingary
coarsening.

Table2 shavs avarietyof statisticsfor thetwo refinementlgorithmsfor all the circuitsof theISPD98benchmark
for two- andthree-constrainproblems For eachcircuit we performedb0 differentrunsusingboththe FM1 andFM2
refinementlgorithms.Thecolumndabeled'Min-Cut” shav theminimumcutachiezed whereaghecolumndabeled
“Avg-Cut” shav theaveragecutachieved over all theses0differentruns. To compareherelative performancef FM2
over FM1, we computedhe statisticsshovn in the lasttwo columnsof Table2. Thesecolumnswherecomputecby
dividing the min-cut(average-cutachiered by FM2 with the min-cut (average-cutachieved by FM1. Any numbers
lower than 1.0, indicatethat FM2 performsbetterthan FM1. Finally, the row labeled“ARQ” shaws the Average
Relative Quality of FM2 relative to FM1, andwas obtainedby averagingthe valueson therespectre columns.

As we canseefrom this table,FM2 producesesultsthatarebetterthanthoseproducedy FM1. In particular on
theaverage FM2 performs2% betterwith respecto the minimumcut, and9% betterwith respecto theaveragecut.
Looking attheindividual probleminstancesve canseethatwith respecto the minimumcut, FM1 doesat least10%
worsethanFM2 in 9 out of the 36 instanceswheread=M2 doesat least10% worsein 7 instances.Similarly, with
respecto the averagecut, FM1 doesat least10% worsethanFM2 in 19 instancesywhereas-M2 doesat least10%
worsein 0 instances.

4.2 Comparison of Coarsening Schemes

In our secondset of experiments,we comparethe performanceof the two differentcoarseningschemed-C and
BFC describedn Section3.1. In theseexperimentswe usedFM2 asthe multi-constraintrefinementalgorithmin
the multilevel framework. Table3 shavs a variety of statisticsfor thetwo coarseningschemesFor eachcircuit we
performedLOdifferentrunsusingboththe FC andBFC refinemenglgorithms.

As we canseefrom thistable,thereis little differencebetweerthetwo coarseningchemesBFC tendsto produce
bisectionsthat are somavhat betterthanthoseproducedoy FC, but the differenceis quite small. In particular on
the averageBFC performs2% betterwith respecto the minimum cut, and0% betterwith respecto the averagecut.
Looking at the individual probleminstancesve canseethat with respecto the minimumcut, FC doesat least10%
worsethanBFC in 3 out of the 36 instanceswhereaBFC doesat least10% worsein 1 instances.Similarly, with
respecto theaveragecut, FC doesatleastl0%worsethanBFC in 3 instanceswhereaBFC doesatleast10%worse
in 4 instances.

4.3 Comparison of Multile vel vs Single-le vel Partitioner s

In ourthird setof experimentswe comparehe performancef the FM2-basedingle-lasel multi-constrainpartition-
ing algorithmagainsthe multilevel multi-constrainpartitioningalgorithmthatusesBFC for coarseningndFM2 for
refinementTable4 showvs avariety of statisticsfor thetwo partitioningalgorithms.For eachcircuit we performeds0
differentrunsof the single-level partitioningalgorithmand10 differentrunsof the multilevel partitioningalgorithm.
Notethatthe columndabeledTime” shavs thetotal amountof time in secondstequiredto computeall thedifferent
bisections.

As we canseefrom this table,the multilevel multi-constraintpartitioningalgorithmperformssubstantiallybetter
thanthe single-level partitioningalgorithm. In particular on the averagethe multilevel algorithm performs29%



FM1 FM2 FM2 relative to FM1
Circuit | NCon | Min-Cut Avg-Cut | Min-Cut | Avg-Cut | Min-Cut | Avg-Cut
ibm01 2 353 585.00 318 534.60 0.90 0.91
ibm01 3 515 795.20 421 659.20 0.82 0.83
ibm02 2 342 730.90 344 565.60 1.01 0.77
ibm02 3 423 827.70 314 634.30 0.74 0.77
ibm03 2 1051 1799.00 1072 | 1761.60 1.02 0.98
ibm03 3 1176 2165.50 1091 | 1837.50 0.93 0.85
ibm04 2 962 1714.50 871 | 1409.40 0.91 0.82
ibm04 3 1008 1842.70 945 | 1608.20 0.94 0.87
ibmO05 2 2185 3572.70 2763 | 3541.20 1.26 0.99
ibm05 3 2099 3367.90 2333 | 3356.70 111 1.00
ibm06 2 972 1297.20 999 | 1370.30 1.03 1.06
ibm06 3 1025 1413.60 1045 | 1515.10 1.02 1.07
ibm07 2 1319 2212.30 1237 | 2139.40 0.94 0.97
ibm07 3 1241 2432.70 1317 | 2545.70 1.06 1.05
ibm08 2 1815 4394.20 1734 | 3214.10 0.96 0.73
ibm08 3 1832 3854.30 1890 | 2849.50 1.03 0.74
ibm09 2 1039 2711.70 1170 | 2248.10 1.13 0.83
ibm09 3 1627 3609.00 1663 | 3122.30 1.02 0.87
ibm10 2 1486 2534.90 1767 | 2581.00 1.19 1.02
ibm10 3 1975 3339.70 1691 | 2920.90 0.86 0.87
ibm11 2 1426 3657.80 1157 | 3196.10 0.81 0.87
ibm11 3 2089 4971.70 2039 | 4545.20 0.98 0.91
ibm12 2 2566 3656.60 2535 | 3664.70 0.99 1.00
ibm12 3 2725 5085.50 2713 | 3954.60 1.00 0.78
ibm13 2 1331 2261.80 1352 | 2422.10 1.02 1.07
ibm13 3 1330 3552.20 1451 | 3452.30 1.09 0.97
ibm14 2 5244 | 10534.90 3833 | 9471.40 0.73 0.90
ibm14 3 3224 7080.90 3592 | 6457.90 1.11 0.91
ibm15 2 4955 7994.90 4583 | 7690.50 0.92 0.96
ibm15 3 6511 9631.00 4842 | 9470.00 0.74 0.98
ibm16 2 2676 6779.40 3171 | 6091.50 1.18 0.90
ibm16 3 5441 9103.60 4309 | 7811.50 0.79 0.86
ibm17 2 3596 9066.10 3604 | 8467.80 1.00 0.93
ibm17 3 3921 | 10818.50 4873 | 9013.60 1.24 0.83
ibm18 2 3362 8221.50 3475 | 7701.50 1.03 0.94
ibm18 3 5420 8252.60 4056 | 8394.30 0.75 1.02
ARQ 0.98 0.91

Table 2: The performance of the FM1 and FM2 multi-constraint refinement algorithms for computing a bisection for hypergraphs
with two and three constraints. For each scheme we show the minimum and average hyperedge cut achieved in 50 different runs.
The columns labeled “FM2 relative to FM1" computes the relative minimum and average cut achieved by FM2 relative to that
achieved by FM1. The row labeled 'ARQ’ shows the Average Relative Quality of FM2 relative to FM1. For example, the ARQ value
of 0.91 for the average cut, indicates that FM2 produces partitionings that on the average they cut 9% fewer hyperedges than those
produced by FM1. The column labeled “NCon” indicates the number of balancing constraints.

betterwith respectto the minimum cut, and 52% betterwith respectto the averagecut. Looking at the individual
probleminstancesne can seethat with respectto the minimum cut, the single-level algorithmdoesat least10%
worsethanthe multilevel algorithmin 31 out of the 36 instanceswhereaghe multilevel algorithmis never worse.
Similarly, with respecto the averagecut, the single-level algorithmdoesat least10%worsethanmultilevel in all 36
instances.Note that theseresultsare consistentwith similar experimentscomparingthe multilevel andsingle-level
partitioningalgorithmsfor singleconstrainfproblemg1]. Finally, comparingthe computationatequirement®f the
two algorithms,we canseethatthe multilevel algorithmis significantlyfasterthanthe single-level FM2 algorithm.
In factcomparingthe total time requiredto partitionall 36 probleminstancesthe singlelevel algorithmis about10
timesslower.

4.4 Comparison of Multile vel Single- and Multi-Constraint Partitioner s

In our lastsetof experimentswe comparethe performancef our multilevel multi-constraintpartitioningalgorithm

againstthe performanceof hMeTS [5], which is a fastand high-qualitysingle-constraintmultilevel partitioningal-

gorithm. Of course hMETIS cannotcomputemulti-constraintpartitionings,but whenappliedto the original single-
constraintproblem, it can provide us with someindicationsaboutthe penaltyassociatedvhentrying to balance
multiple constraints.



FC+FM2 BFC+FM2 BFCrelatveto FC
Circuit | NCon [ Min-Cut | Avg-Cut | Min-Cut | Avg-Cut | Min-Cut | Avg-Cut
ibm01 2 305 329.7 304 332.9 1.00 1.01
ibm01 3 311 343.9 297 325.4 0.95 0.95
ibm02 2 298 330.8 299 332.3 1.00 1.00
ibm02 3 310 362.7 297 355 0.96 0.98
ibm03 2 956 961.5 957 984 1.00 1.02
ibm03 3 956 963 963 1019.9 1.01 1.06
ibm04 2 680 725.9 686 818.6 1.01 1.13
ibm04 3 690 765 716 843 1.04 1.10
ibm05 2 1710 1762.2 1747 1776.6 1.02 1.01
ibm05 3 1710 1758.6 1751 1785.3 1.02 1.02
ibm06 2 937 980.6 967 1008 1.03 1.03
ibm06 3 943 1016.8 929 1009.6 0.99 0.99
ibm07 2 1032 1044.8 1000 1044.5 0.97 1.00
ibm07 3 1026 1050.4 1013 1049.3 0.99 1.00
ibm08 2 1332 1439.6 1324 1495.5 0.99 1.04
ibm08 3 1337 1475.5 1336 1431.1 1.00 0.97
ibm09 2 687 757.7 679 813.5 0.99 1.07
ibm09 3 684 736.6 684 795.7 1.00 1.08
ibm10 2 1496 1635.5 1418 1563.6 0.95 0.96
ibm10 3 1423 1589.3 1438 2013.1 1.01 1.27
ibm11 2 975 1189.7 974 1110.2 1.00 0.93
ibm11 3 966 1067.7 963 1039.4 1.00 0.97
ibm12 2 3180 3702.9 2522 3698.1 0.79 1.00
ibm12 3 2807 3550.5 2517 3115.5 0.90 0.88
ibm13 2 882 1074 855 1009.2 0.97 0.94
ibm13 3 876 1044.3 842 877.6 0.96 0.84
ibm14 2 2007 2156.9 1970 22145 0.98 1.03
ibm14 3 1945 2190 1961 2168.3 1.01 0.99
ibm15 2 3948 5645.1 2712 4372.2 0.69 0.77
ibm15 3 2712 4232.2 2771 3748.7 1.02 0.89
ibm16 2 1829 2723.7 2212 2902.2 1.21 1.07
ibm16 3 2113 2356.9 2100 2611.7 0.99 111
ibm17 2 2436 2499.2 2305 2538.1 0.95 1.02
ibm17 3 2390 2594 2337 2613 0.98 1.01
ibm18 2 1865 2036.8 1748 1932.9 0.94 0.95
ibm18 3 1875 2085.6 1818 2043.2 0.97 0.98
ARQ 0.98 1.00

Table 3: The performance of the multi-constraint bisection algorithm using the FC and BFC coarsening schemes.

Table5 shownvs avarietyof statisticsor thetwo partitioningalgorithmsfor all the circuitsof theISPD98benchmark
for one-, two-, and three-constrainproblems. For eachcircuit we performedl0 differentruns of the multilevel
partitioningalgorithms.For hMETS we usedthelatestavailableversion(versionl.5.3),andwe used~C for coarsening,
FM for refinementandwe did not performary V-cycle refinement. For our multi-constraintalgorithm, we used
BFC for coarseningand FM2 for refinement. To comparethe relative performancef multi- over single-constraint
algorithms,we computedhe statisticsshovn in the columnslabeled‘Rel-Min” and“Rel-Avg”, in afashionsimilar
to thatwe did in Section4.1.

As we canseefrom this table,the bisectionghatsatisfymultiple balancingconstraintgendto cutalargernumber
of hyperedgesomparedo the bisectionsthat needto satisfya single balancingconstraint. In particular for both
the two andthreeconstraintproblems the multi-constraintbisectionscut about30% more hyperedgesThis should
not be surprising,as computinga bisectionthat satisfiesmultiple balancingconstraintss substantiallyharderthan
computingasingle-constrainbisection.Thisis becausaswe increaseéhe numberof constraintsthefeasiblesolution
spacebecomesmalleraswell asfragmented.Thus,theremay be fewer high-qualitybisectionsandalsodueto the
fragmentationit maybeharderto find them. Also, the quality of the multi-constraintrelative to the single-constraint
solutiondepend®n hov unbalancedhe single-constrainsolutionis. For example,if the single-constrainbisections
producedy hMETS foribm04, ibm06, ibm13andibml16areusedo induceabisectiorfor thetwo-constrainproblem,
thenthe balancewith respecto the secondweightis [.40, .60], [.01, .99], [.50, .50]and[.43, .57],respectiely. As
we cansee ibmO06is the mostunbalancedyhichis relatedto thelarge cut obtainedoy the multi-constraintalgorithm.
On the otherhand,ibm13 happendo be balancedwith respecto the secondconstraint,so the cutobtainedby the
multi-constraintlgorithmis similar to thatobtainedoy hMETIS.

Finally, comparingthe computationatequirement®f the two algorithms,we canseethat asthe numberof con-



FM2 Multilevel BFEC+FM2 Multilevel relative to FM2
Circuit NCon | Min-Cut | Avg-Cut Time | Min-Cut | Avg-Cut Time | Min-Cut Avg-Cut
ibm01 2 318 534.60 70.32 304 332.90 14.08 0.96 0.62
ibm01 3 421 659.20 78.40 297 325.40 15.46 0.71 0.49
ibm02 2 344 565.60 132.84 299 332.30 30.70 0.87 0.59
ibm02 3 314 634.30 150.40 297 355.00 30.99 0.95 0.56
ibm03 2 1072 | 1761.60 200.96 957 984.00 29.99 0.89 0.56
ibm03 3 1091 | 1837.50 236.74 963 | 1019.90 34.89 0.88 0.56
ibm04 2 871 | 1409.40 218.65 686 818.60 35.94 0.79 0.58
ibm04 3 945 | 1608.20 257.76 716 843.00 36.85 0.76 0.52
ibm05 2 2763 | 3541.20 299.29 1747 | 1776.60 50.59 0.63 0.50
ibm05 3 2333 | 3356.70 341.99 1751 | 1785.30 52.98 0.75 0.53
ibm06 2 999 | 1370.30 306.71 967 | 1008.00 52.70 0.97 0.74
ibm06 3 1045 | 1515.10 345.39 929 | 1009.60 57.76 0.89 0.67
ibm07 2 1237 | 2139.40 442.58 1000 | 1044.50 70.84 0.81 0.49
ibm07 3 1317 | 2545.70 483.86 1013 | 1049.30 70.53 0.77 0.41
ibm08 2 1734 | 3214.10 976.96 1324 | 1495.50 89.31 0.76 0.47
ibm08 3 1890 | 2849.50 962.48 1336 | 1431.10 105.98 0.71 0.50
ibm09 2 1170 | 2248.10 514.98 679 813.50 81.45 0.58 0.36
ibm09 3 1663 | 3122.30 581.44 684 795.70 85.70 0.41 0.25
ibm10 2 1767 | 2581.00 801.56 1418 | 1563.60 116.79 0.80 0.61
ibm10 3 1691 | 2920.90 898.22 1438 | 2013.10 131.27 0.85 0.69
ibm11 2 1157 | 3196.10 873.34 974 | 1110.20 107.09 0.84 0.35
ibm11 3 2039 | 4545.20 953.51 963 | 1039.40 107.42 0.47 0.23
ibm12 2 2535 | 3664.70 785.46 2522 | 3698.10 107.60 0.99 1.01
ibm12 3 2713 | 3954.60 832.42 2517 | 3115.50 122.82 0.93 0.79
ibm13 2 1352 | 2422.10 1006.28 855 | 1009.20 132.88 0.63 0.42
ibm13 3 1451 | 3452.30 1131.50 842 877.60 129.88 0.58 0.25
ibm14 2 3833 | 9471.40| 2592.91 1970 | 221450 | 273.04 0.51 0.23
ibm14 3 3592 | 6457.90 | 2444.16 1961 | 2168.30 | 324.99 0.55 0.34
ibm15 2 4583 | 7690.50 | 2857.68 2712 | 437220 | 293.24 0.59 0.57
ibm15 3 4842 | 9470.00 | 3049.41 2771 | 3748.70 | 330.78 0.57 0.40
ibm16 2 3171 | 6091.50 | 2966.12 2212 | 2902.20 | 363.68 0.70 0.48
ibm16 3 4309 | 7811.50 | 3279.86 2100 | 2611.70 | 409.37 0.49 0.33
ibm17 2 3604 | 8467.80 | 3640.84 2305 | 2538.10 | 502.02 0.64 0.30
ibm17 3 4873 | 9013.60 | 3733.47 2337 | 2613.00 | 567.93 0.48 0.29
ibm18 2 3475 | 770150 | 6261.56 1748 | 1932.90 | 473.90 0.50 0.25
ibm18 3 4056 | 8394.30 | 6327.64 1818 | 2043.20 | 523.32 0.45 0.24
ARQ 0.71 0.48
Tot. Time 51037.69 5964.76

Table 4: The performance of the single-level and multi-level multi-constraint bisection algorithms.

straintsincreaseshe overallamountof time requiredto computethe bisectionsalsoincreasesHowever, thisincrease
is quite small. Comparinghe total amountof time to bisectall 18 circuits, the two- andthree-constrainpartitioners
requirel7%and30% moretime thanthe single-constraindlgorithm,respectiely.
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